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Abstract

A pair of non-empty set U and equivalence relation R on U, denoted as (U, R), is
called approximation space. Furthermore, equivalence classes form the construction
of lower approximation and upper approrimation. Let X C U, the lower
approzimation of X denoted by X and the upper approximation of X denoted
by X. A pair Apr(X) = (X, X) is a rough set if X # X. Apr(X) is rough
module if Apr(X) satisfies some conditions. In this research, we investigate
some characteristics of the rough module and rough submodule over rough ring.
Furthermore, we construct examples of the rough module and the rough submodule
on approzimation space (U, R).

Keywords: Approzrimation space, rough group, rough ring, rough module, rough
submodule.

1. INTRODUCTION

Rough set theory is a new mathematical approach introduced by Pawlak in 1982 to
solve imperfect or ambiguous problems in information systems. In this approach, vagueness is
expressed by the boundaries of a set. Some of the applications of rough set theory can be seen
in [1], 2], [3], [4], and [5]. The relationship between rough sets and algebraic structures such
as groups [6], subgroups [7], rings [8], and modules [9], has been widely discussed in various
previous studies. Miao et al. discussed the rough groups, rough subgroups, and their properties
[10]. Furthermore, Davvaz and Mahdavipour discussed the rough modules and submodules,
followed by research conducted by Zhang et al., which discussed the rough module and its
properties, as in various other studies [11]. Moreover, Zhang et al. give the applications of
rough sets [12].

In 2013, Davvaz and Malekzadeh used the reference point in investigating the roughness
in the module [13]. Then, Neelima and Isaac investigate roughness in semiprime ideals [14].
Furthermore, they provide the rough primary fuzzy ideals and rough anti-homomorphism
[15]. Moreover, Isaac et al. introduce the rough G-modules [15], Nugraha et al. investigate
roughness in groups [17], Jesmalar gives the properties of homomorphism of rough groups
[18], Setyaningsih et al. provide the sub-exact sequence of rough groups [19], Agusfrianto
gives the properties of rough rings [20], and Hafifullah et al. provide the V-coexact sequence
of rough groups [21]. Furthermore, Ayuni et al. investigate the rough U-exact sequence of
rough groups [22] and Dwiyanti et al. give the properties of the rough projective modules [23].
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In this research, we investigate the characteristics of the rough module and rough
submodule over the rough ring. Furthermore, we construct examples of the rough module and
the rough submodule on an approximation space (U, R).

2. METHODS

The research method depends on equivalence relations, equivalence classes, upper and
lower approximations, rough set, rough group, rough ring, rough module, and rough submodule.
The following stages of the research are:

(1) construct the rough module;

(2) analyze the properties of the rough module;

(3) construct the rough submodule from the previously constructed rough module;
(4) analyze the properties of the rough submodule.

3. RESULTS AND DISCUSSION

Before constructing the rough module, we recall the definition of the rough module over
the rough ring as follows.

Definition 3.1. Let (Apr(R),+,*) be a rough ring with a unit, (Apr(M),+) a commutative
rough group. Apr(M) is called a rough module over the ring Apr(R) if there is a mapping
Rx M — M, (a,z) — ax such that

(1) a(z +y) = ax + ay,a € Apr(R);z,y € Apr(M);
(2) (a+b)x=ax+bx,a,be Apr(R);x € Apr(M);
(3) (ab)x = a(bzx),a,b € Apr(R); xinApr(M);

(4) lx =z [11].

Example 3.2. Let U = Zyo = {0,1,2,3,...,19}. We define aRb if only if a — b = 62 for
z € Z. We have siz equivalence classes in the following table based on the equivalence relation.

TABLE 1. The equivalence classes of Zsog

The Equivalence Classes \ The Element ‘

2 [0,6,12,18)
s (1,7,13,19)
By (2,5,14)
Es (3,9,15)
s 14,10, 16}
e (5,11, 17}

X C U. In the approzimation space (U, R), the lower and upper approzimations of X are
obtained as follows:

X = {affa]n C X} = 0;

X ={2|[z]rN X #0}=E,UE,UE3sUE,UEs;UEg = U.

Next, we define the binary operation +99 on U. We will show that Apr(X) is rough
group.
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TABLE 2. Table Cayley 420 on X

490 | O | 1|2 |4[5|8[10/12]15]16 |18 19
0 |01 |2[4|5]8|10[12][15|16/| 18|19
1 |12 (3|5 |6|7|11[13/16[17|19]0
2 [ 23|46 |7 [10[12[14[17]18]| 0 | 1
4 4[5 1689 [12/14][16/19]0 | 2 | 3
5 |56 [7[9[10[{13|15[17|0 | 1|3 |4
8 [ 89 |10[12|13[16|18[ 0 |3 |4 |6 |7

10 [10 (1112|1415 |18 0 |2 | 5[ 6 | 8 | 9

12 |12 (13|14 |16 (17| 0 |2 |4 | 7| 8 |10]| 11
0 |01 2[4 |58 |10[12]15|16] 18|19

15 [15 (16 |17 (19 0 | 3 [ 5 | 7 |10 |11 |13 ] 14

16 |16 (17|18 0 | 1 |4 |6 | 8 |11 |12 [14 |15

18 [18 (190 [ 2|3 |6 |8 |10]13|14 16|17

19 [19[/ 01 [3[4 |7 ]9 |11]14]|15]17]|18

Based on Table 2, we have:
(1) p+20q € X, for every p,q € X;
(2) associative property holds in X;
(3) there exist 0 € X such that p 420 e =€+ p =p, for every p € X;
(4) every element of X has a rough inverse element in X based on Table 3.

TABLE 3. Inverse table on X

p
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So, (Apr(X),+a20) is a rough group in approximation space (U, R).

UY CU. In the approximation space (U, R), the lower and upper approzimations of X are
obtained as follows

Y={yllylr CY}=10;
Y:{y|[y]RmY7é®}:E1UE2UE3UE4UE5UE6:U.

Nezxt, we define the binary operation +29 and -o9) on U. We will show that Apr(Y) is a
rough ring.

TABLE 4. Table Cayley +59 on X

490 O [ 1T [ 6|9 [10|11]14]19
0 |01 |6[9|10[11|14]19
1 (127 |10[11|12]15(20
6 | 6|7 [12({15|16[17| 0 | 5
9 | 910151819 0 | 3 | 8

10 |10 (1116|190 |1 [ 4] 9
11 [11]12(17[0 | 1| 2|5 [10
14 [1415]0 |3 |45 |8 [13
19 |19/ 0|5 |8 ]9 |10]13]18

Based on Table 4, we have:

(1) u+s0v €Y, for every u,v € Y;
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(2) commutative property holds in'Y .

(3) (w20 v) 420w =u 429 (V420 w), for every u,v,w €Y ;

(4) there exists 0 €Y such that u4o9e =e+oou=1u, for everyu €Y;

(5) based on Table 5, every element of Y has a rough inverse element in Y ;

TABLE 5. Inverse table on Y

1
9

p
1

9
11

H
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1
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=l =
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(6) u-20v €Y, for every u,v €Y;

TABLE 6. Table Cayley -99 on Y

9 | 0] 1] 69 [10]11]14|19
0/0[0]0|0O[O0O|O0O]0O|O
10169 [1011]14|19
606 [16[14[ 0|6 |4 |14
910914 1[10/19] 6 |11

1010111619 0 | 1 | 4 | 9

111010/ 0 [10] 0 [10| 0 |10

1410|1446 |0 [14|16]| 6

1910 (19|14 [11(10] 9 | 6 | 1

Based on Table 6, we have:
(7) (w20 ) 20w = w-g0 (V20 w), for every u,v,w € Y;
(8) left and right distributive law property holds in'Y .

Furthermore, we will show that Apr(X) is rough module. We define a mappingY x X —

X, (u,p) = u-20p, for every u € Apr(Y) and p € Apr(X).

Based on Table 7, we have:

(1) w20 (p+20¢q) = (u-20p) +20 (v 20 q), for every u € Apr(Y) and p,q € Apr(X);

TABLE 7. Table scalar multiplication -9

2 |0 1T 2[4 58 [10[12|15]16 18|19
0l0jO0OjO]O|O[O|O|O|O]O|O0]DO
11012458 [10[12|15]16|18]19
6 |06 [12]4]10]8 |0 [12|10[16| 8 |14
9 |09 |18[16|5 |12|10| 8 |15| 4 | 2 |11

10(0(10[ 0 |10[ 0 [10[ 0|10 0 [10]| O |10

110112 | 4[15| 8 [10[12] 5 [16[18] 9

1410148 |16[10|12| 0 | 8 [10]| 4 [12] 6

190191811615 (1210 8 [ 5|4 |2 [ 1

(2) (u+20v) 20 p = (u-20Pp) +20 (V20 p), for every u,v € Apr(Y') and p € Apr(X);

(8) (w-20v)20p=1t-20 (v-20p), for every u,v € Apr(Y) and pE Apr(X);

(4) there is a rough identity element 1 € Apr(Y), such that 1 -99 p = p, for every p €
Apr(X).
So, it proves that Apr(X) is a rough module over the rough ring Apr(Y).
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Now, we investigate the properties of the rough module over a rough ring.

Let S be submodule of M, for a,b € M we say a is congruent to b mod S, written as
a="b(mod S)ifa—b € S. Therefore, a submodule S of M does induce an equivalence relation
on M and the corresponding set M /S of equivalence classes in M/S = a+ Sla € M.

Proposition 3.3. Let S be submodule of M, for a,b € M obtained a congruent relation modulo
S, written as a = b (mod S) is an equivalence relation.

Proof. We will proof that congruent relation modulo S is an equivalence relation.

(1) For a € M, then a —a =0 € S then a = a (mod 5). So, this relation is reflexive.

(2) Given any a,b € M with a = b (mod S). We will show that b = a (mod S). Since
a =b (mod S), consequently a — b € S. Therefore, it obtained —(a —b) =b—a € 5,
that it implies b = a (mod S). So, this relation is symmetric.

(3) Given any a,b,c € M, with a =b (mod S) and b = ¢ (mod S) we will show that a = ¢
(mod S). Since a = b (mod S) then a —b € S, and b € ¢ (mod S) then b — ¢ € S.
Therefore, it obtained a — b+ (b — ¢) = a — ¢ € S that it implies a € ¢ (mod S). So,
this relation is transitive.

It proves that a congruent relation modulo S is an equivalence relation. O

Definition 3.4. Let S be a submodule of M and A a non-empty subset of M, then the sets A =
reEMlz+S€Aand A=xe M|(x+ S)NA#D are called lower and upper approzimation
of the set A with respect to the submodule S. In this case, the pair (M,S) as approximation
space [24].

Definition 3.5. Let M be an R-module, S be a submodule of M and Apr(S) = (S,S) is a
rough set in the approzimation space (M,S). If S and S are submodules of M, then we call
Apr(S) a rough module [24].

submodule of M. Based on Proposition 3.3, the congruent relation modulo S can be used as an
equivalence relation written as a = b (mod S) for a,b € M and form an approxzimation space
(M, S). We have eight equivalence classes from left coset of submodule S on M.

TABLE 8. The equivalence classes of Zoy

’ The Equivalence Classes \ The Element ‘

E=0+5 10,5,16)
Er=1+5 (1,9,17)
B;=2+9 (2,10, 18}
E.=3+5 (3.11,19)
B=115 (3,12, 20}
Fe=5+5 (5,13,21)
E:=6+5 (6,14,22}
Es=7+8 (7,15,23}

Given A C M, with A = {0,2,4,8,12,16,20,22}. Then the lower and upper

approrimation are of A are A = E, U Ej = {0,4,8,12,16,20} and

We will show that A is submodule of M.

(1) For every a,b € A, we have a —24 b € A. -
(2) For everyr € Z,a € A, we have 1 94 a € A.

It proves that A is submodule of M.
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Nezt, we will show that A is submodule of M.
(1) For every a,b € A, we have a —a4 b € A.
(2) For everyr € Z,a €|A, we have r 94 a € A.
It proves that A is submodule of M.
Since A and A are submodules of M, then Apr(A) is a rough module over ring Z.

Proposition 3.7. Let A and B be two submodules of M, then B is a submodule of M [24].

Proof. Suppose a,b € B and r € R, then (a + A)N B # () and (b+ A)N B # 0. So there
exists € (a+ A)NB #Dand y € (b+ A) N B # 0. Since B is a submodule of M, we get
r—ye€Banda—y € (a+A) —(b+A) =a—b+ A, Hence (a — b+ A) N B # 0, which
implies that (a —b) € B. Also, we have rx € B and r(a+ A) = ra+rA C ra+ A which implies
(ra+ A)N B # () and ra € B. Therefore, B is a submodule of M. O

Before we construct the rough submodule, we recall the definition of the rough submodule
as follows.

Definition 3.8. A rough subset Apr(N) # 0 of a rough module Apr(M) is called a rough
submodule of Apr(M), if Apr(N) satisfies the following:

(1) Apr(N) is a rough subgroup of Apr(M);
(2) ay€ N,a € R,y € N.
[11].
Based on Example 3.2, we have Apr(X) is a rough module over rough ring Apr(Y’). Then
we can construct the rough submodule on Apr(X).

approzimation  space (U, R), we get the lower and upper approzimation of
N-N =al|la]Jp €N =0 and
N ={a|la]JrNN #0} = E; UE3 U E5 = {0,2,4,6,8,10,12,14, 16, 18}.

Furthermore, we will show that Apr(N ) is a rough submodule of Apr(M).
(1) For every a,b € Apr(N), we have a —o0 b € N.

TABLE 9. Table Cayley —o0 on N

|
[~}
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| ol el ool 15|
ol | ool 5] 3 5

oo il Ol | ool ool
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| =) ool =] o
S 2l ool w1 of o

—_
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(2) For every u € Apr(Y), a € Apr(N), we have u 20 a € N.

TABLE 10. Table scalar multiplication -5

9 [0 1T 16 ]9 [10[11|14]19
0l0/0]O]JO]O]O|O]O
410/ 4]4]16(0 |4 |16]|16
8 10|88 [12]|0 |8 |12]12

12(0(12[12|8 |0 [12]| 8 [ 8

1601616 4 | 0 |16 | 4 | 4

It proves that Apr(N) is rough submodule of rough module Apr(X) over rough ring
Apr(Y).
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Proposition 3.10. Every rough subgroup Apr(H) of a rough commutative group Apr(G) is a
rough submodule of rough Z-module Apr(G) , forn -z =2z" € Hyn € Z,x € H [11].

Proof. Since the requirement to be a rough submodule is that a rough set is a rough subgroup
of a rough commutative group Apr(H) satisfies the first condition. Next, given a ring Z with
n € Zand a set H with z € H to satisfy the second condition with the operation n-z = z" € H.
Since z € H so x € H and if operated using the same operation on the Apr(G) module with
n € Z then x™ € H. Therefore, we get that Apr(H) is a rough submodule of the Z-module
Apr(G). O
Definition 3.11. Let Apr(A) = (4, A) and Apr(B) = (B, B) be any two rough sets in the
approximation space (U, R). Then

(1) Apr(A)U Apr(B) = (AU B, AU B).

(2) Apr(A)n Apr(B) = (AN B, AN B).
[25].
Definition 3.12. For every approzimation space (U, R) and every subset A,B C U. With
ANBCAand ANB C B. Then

(1) (ANB) = ANB.

(2) (AnB)C ANB.
[25].

Therefore, we can define that (AN B) = ANBANB. and Apr(A) N Apr(B) = (AN
B, AN B). Since (AN B) C AN B, we have Apr(AN B) C Apr(A) N Apr(B).

Proposition 3.13. Let A and B be two submodules of R-module M. If Apr(A) an
are rough submodule of rough module Apr(M) over rough ring Apr(R) with AN B
Apr(AN B) is rough submodule of rough module Apr(M).

nd Apr(B)
= U, then

Proof.

(1) Given any x,y € Apr(AN B), then 2,y € (ANB) C A and z,y € (AN B) C B. Since
Apr(A) and Apr(B) are rough submodule, we get © —y € A and x —y € B. Therefore
x—y € (ANB), for x,y € Apr(AN B).

(2) Given any r € Apr(R),z € Apr(AN B). Since x € A and = € B, we get rz € A and
rz € B. Therefore rz € AN B.

It proves that Apr(A N B) is rough submodule of rough module Apr(M). O

Example 3.14. Let U = Zoy = {0,1,2,3,...,23}. We define aRb if only if a —b = 5z for
z € Z. We have five equivalence classes in the following table based on the equivalence relation.

TABLE 11. The equivalence classes of Zsg

’ The Equivalence Classes \ The Element ‘

E; {0, 5,10, 15, 20}
By (1,6,11,16,21}
B (2.7,12,17,22)
By (3,8,13, 18,23}
B (4,0,14,10]

Furthermore, let X = {0,1,3,4,6,8,9,12,15,16, 18, 20, 21, 23} a non-empty subset of set
U, X CU. In the approximation space (U R) the lower and upper approximations of X are
obtained as follows:
X ={zlfz]r C X} =10
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Y:{LEHZ‘]RﬂX?é@}:E1UE2UE3UE4UE5:U.

Next, we define the binary operation (Apr(X), +24). We will show that Apr(X) is rough group.

(1) For every p,q € X, we have p 494 ¢ € X.

(2) Associative property holds in X.

(3) There exist 0 € X such that p 499 = e 424 p = p, for every p € X .
(4) Every element of X has a rough inverse element in X.

TABLE 12. Inverse table on X

3
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So, (Apr(X), +24) is a rough group in approximation space (U, R).

Furthermore, let Y = {0,1,2,7,10,14, 17,22,23} a non-empty subset of set U, Y C U. In the
approximation space (U, R), the lower and upper approximations of X are obtained as follows:
Y={yllyJr CY}=10

Y = {y|[y]RﬂY7é[Z)} :E1UE2UE3UE4UE5 = U

Next, we define the binary operation (Apr(Y),+24,24). We will show that Apr(Y) is
arough ring.
(1) For every u,v € Y, we have u +o4v € Y.
(2) Commutative property holds in Y.
(3) Assosiative property holds in Y.
(4) There exist 0 € Y such that u 494 ¢ = € 424 u = u, for every u € Y.
(5) Every element of Y has a rough inverse element in Y.

TABLE 13. Inverse table on Y

22
2

=
=
o e
Sl =l
5
= &‘

I3

|

1
ol o
o e
N
=

(6) For u,v €Y then u-9qv €Y.

TABLE 14. Table Cayley 24 on Y
oa [0 1 |27 [10]14]17|22]23
0Oj{0/0|O0O]O[O|O|O0O[O]O
1 (012 |7 |10]14]17]22]23
2 (0|24 |14[20| 4 [10|20]22
7107 |14 1 |22]2[23]10]|17
10(0|10[20 |22 4 |20| 2 | 4 |14
140|144 |2 [20| 4 [22|20] 10
17101710232 22| 1 |14]| 7
22 (0(22(20(10| 4 |20 14| 4 | 2
230(23 221714107 | 2|1

(7) For every u,v,w € Y, we have (u 94 v) 04 w = u 94 (v -24 w), S0 assosiative property
holds in Y. B
(8) Left and right distributive law property holds binary operation -4 in Y.
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Furthermore, let A subset of set X with A = {0,4,8,12,16,20} C X. Based on
equivalence classes on approximation space (U, R). We get the lower and upper
approximations of A are obtained as follows:

A={allalr €A} =0

A= {a|[a]RﬂA;«—‘®} :EluEQUE3UE4UE5 =U.

We will show that Apr(A) is a rough submodule of Apr(X), if Apr(A) satisfies the following:
(1) For every a,b € Apr(A), we have a —o4 b € A.

TABLE 15. Table Cayley —o4 on Y

—4 | 0| 4] 8 [12]16]20
0 |0 ]4]8[12]16]20
4 | 410]4]8]12]|16
8 [8|4|0|4]8]|12
12 (12|84 |0] 4|8
16 |16 |12 8 | 4 | 0 | 4
20 [20(16 |12 8 |4 |0

(2) For every u € Apr(Y), a € Apr(A), we have u 24 a € A.

TABLE 16. Table scalar multiplication -o4

o |0 T |2 |7 |10|14]17]22]23
ololof[o|O0O]|]O0O]O|O|O]|O
410484168 [20]16]20
8 |/0[8[16]8 |8 [16|16| 8 |16
1210120 12100 [12] 0 |12
16/0[16| 8 |16|16| 8 | 8 |16 8
20/0/20(16/20| 8 16| 4 | 8 | 4

It proves that Apr(A) is rough submodule of rough module Apr(X) over rough ring
Apr(Y).

on equivalence classes on approximation space (U, R). We get the lower and upper
approximations of B are obtained as follows:
B ={b|[b]r € B} =0
B = {b”b}RﬂB#@}:E1UE2UE3UE4UE5 =U.
We will show that Apr(B) is a rough submodule of Apr(X), if Apr(B) satisfies the following:
(1) For every a,b € Apr(B), we have a —24 b € B.

TABLE 17. Table Cayley -24 on B

04| 03 ]6[9[12]15]18 |21
0]0[|3]6]9[12{15]18]21
313/0[3]6]9/[12]15]18
6 |6 |3]0]|3[6]9 12|15
9196 [3[]0[3]6]9]12
12(12/9 6 303|609
15 (15(121 9|6 |3]0|3]|6
181815129 | 6 | 3 |0 | 3
21 (21|18 15|12 9| 6 |3 | 0
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(2) For every u € Apr(Y),b € Apr(B), we have u 94 b € B.

TABLE 18. Table scalar multiplication -o4

04 (0] 1 [ 2|7 [10[14]17|22]23
0[0[0O|0O]O]O]O[]O|O]O
31036 (216 [18]3 |18]21
6 |06 121812 |12| 6 |12]18
9 109 1815186 |9 |6 |15
12[0[12[ 0 |12/ 0| 0 [12] 0 |12
15(0(15]6 | 9|6 1815|189
18(0(18[12| 6 [12|12]18 12| 6
2101218 3 |18 6 |9 |6 | 3

(3) It proves that Apr(B) is rough submodule of rough module Apr(X) over rough ring
Apr(Y).

Next, since Apr(A), Apr(B) C Apr(X) are rough submodule. We will show that

B = {0,3,6,9,12,15,18,21} we get AN B = {0,12}. Based on equivalence classes on
approximation space (U, R). We get the lower and upper approximations of A N B are
obtained as follows: (AN B) ={a|la]lr S (ANB)} =ANB =0, and

We will show that Apr(A N B) is rough submodule of rough module Apr(X) over rough
ring Apr(Y).

(1) For every a,b € Apr(AN B), we have a —24 b € (AN B).

TABLE 19. Table Cayley —o4 on AN B

—24 | 0 |12
0 |0 ]12
12 [12]0

(2) For every u € Apr(Y), a € Apr(AN B), we have u 24 a € (AN B).

TABLE 20. Table scalar multiplication -o4

04 |0 1 |27 [10(14]17]22]23
00O JO[]OJO[O]JO[O]O
12(0(12{0[12| 0 |0 [12]| 0 |12

It proves that Apr(ANB) is rough submodule of rough module Apr(X) over rough ring Apr(Y).

Proposition 3.15. Let Apr(S,) for every a € A is rough submodule of rough module Apr(M)
over rough ring Apr(R). If Apr(S,) for every a € A\ is rough submodule with Npep Sy =
NaerSa- Then, NoeaApr(Sy) is rough submodule of rough module Apr(M) over rough ring
Apr(R).

Proof.

(1) Given any z,y € NaeaApr(Sq) then z,y € Apr(S,) for every o € A . Since Apr(S,)
for every o € A is rough submodule, we get z—y € (Sq) for every a € A. That implies
T—yYE AQGASQ - ﬂaEA(Sa)'
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(2) Givenany r € Apr(R), x € NacaApr(Sa). Since € Naen)Apr(Sy) then z € Apr(Sy)
for every o € A. Since x € Apr(S,) for every a € A is rough submodule, we get
rz € S, for every a € A. That implies 72 € Npea (Sa) = Naea (Sa)-

It proves that Nyea Apr(S,) is rough submodule of rough module Apr(M). O

4. CONCLUSION

A rough module over ring rough can be constructed using approximation space (U, R)
with U be universal set and R be equivalence relation, and an approximation space (M, S)
with M be module and S be submodule. Regarding the properties of the rough submodule,
we get that if Apr(A), Apr(B) is a rough submodule of the rough module Apr(M) over a
ring rough Apr(R) with AN B = U, then Apr(A N B) is also a rough submodule of the
rough module Apr(M). Furthermore, If Apr(S,)for every o € A is a rough submodule with
NacaSa = Naea(Sa), then NaeaApr(Sy) is also a rough submodule of the rough module
Apr(M) over a ring rough Apr(R).
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