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Abstract

This paper discovers a mew identity of finite series generated by poly-
nomial of real coefficients and certain generalized Fibonacci sequence.
Let this generalized Fibonacci sequence be denoted by (sn)n>0 and be
defined with initial values sy = ¢y, s1 = ¢1 and the recurrence relation
Snt1 = aSy + bsp—1 for all positive integers n, where a,b are positive
integers, and cg, c1 are integers with (co,c1) # (0,0). Then, we find an
interesting identity of the series Y ,_, P(k)sx_1 where P(x) is a poly-
nomial of real coefficients. This series can be represented by identity
Shoi P(k)sp—1 = Fi(x)sp41 + G1(n)s, + Hi(n) for all positive inte-
gers n, where Fy(x), G1(z), and Hy(x) are certain polynomials with real
coefficients. Besides discovering this identity, there are some fabulous
properties behind this identity which can be observed. We observe that
the existence of triple (Fy(x),G1(x), Hi(x)) satisfying this identity is
a guarantee, but their uniqueness is not a guarantee. Therefore, some
possible cases which derives the uniqueness and the non-uniqueness of
triple (Fy(x), G1(z), Hi(x)) are also studied.

Keywords: Fibonacct sums, generalized Fibonacci sequences, polyno-
mials of real coefficients, finite series

1. INTRODUCTION

Generalized Fibonacci sequence is an interesting topic in recursive sequences, especially
second-order linear recurrence sequences. It modifies the recurrence relation and two initial
values of old Fibonacci sequence. We know that each term in old Fibonacci sequence is obtained
by summing up two previous terms, so each term in generalized Fibonacci sequence is a linear
combination of two previous terms. Also, instead of initial values 0 and 1, generalized Fibonacci
sequence allows its two initial values with any of two numbers. For the literatures that discuss
the generalized Fibonacci sequence, see [2], [3], [4], [5], [10], [12].

In this paper, we consider the generalized Fibonacci sequence (sp)n>0 defined by the
recursion S,4+1 = as, + bs,—1,9vn € N and two initial values sy = cg,s1 = ¢; where a,b €
N;co,e1 € Z, (co, 1) # (0,0). Many well-known recursive sequences are special cases of (s, )n>0,
such as Fibonacci sequence [6], Lucas sequence [6], Pell sequence [7], and Jacobsthal sequence
[11]. If (a,b,co,c1) = (1,1,0,1), then (s,)n>0 becomes the Fibonacci sequence (Fy,)n>o. If
(a,b,c0,c1) = (1,1,2,1), then (sy)n>0 becomes the Lucas sequence (Ly,)n>0. If (a,b,co,¢1) =
(2,1,0,1), then (s,)n>0 becomes the Pell sequence (P,)n>0. If (a,b,co,c1) = (1,2,0,1), then
(Sn)n>0 becomes the Jacobsthal sequence (J,,)n>0.
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Definition 1.1. Let (s,)n>0 be a generalized Fibonacci sequence defined by:
so =cg, s1=c1, and (Yn €N) s,411 = as, + bs,_1

with a,b € N; ¢,c1 € Z; (co,c1) # (0,0).

The purpose of this paper is to state a new identity of the sum >_;_, P(k)s,_1 where
P(z) is a real coeflicient polynomial. Also, we study some interesting properties related to
this identity. We first hypothesize that for a certain polynomial P(z) in R[xz], there always
exist three polynomials Fy(x), G1(z), Hi(x) € R[z] (depending on P(z)) satisfying the identity
Sor_y P(k)sg—1 = Fi(n)sp41 + Gi(n)s, + Hi(n) for all n € N.

As examples, when we replace (s, )n>0 by Fibonacci sequence (F},),>0, the possible triples
(Fi(z),G1(z), Hi(z)) € R[z]? satisfying the identity >}, P(k)sk—1 = F1(n)snp41+G1(n)s, +
Hi(n), Vn € N for P(z) = z, P(z) = 22 + 2z, P(x) = 22% + 1 are respectively (z — 1,—1,1),
(2243, -2z +1,-3), (222 —4x+11, —42x+6, —11). In other word, these represent the following
identities in Example 1.2, holds for all n € N. One can show these three identities by using
induction on n.

Example 1.2. Identities for series Y p_ kFx—1, Y p_i (k* 4+ 2k)F_1, > p_,(2k* + 1) Fj_1 :

Zka:—lz(n_l)Fn-‘rl_Fn_"l?
k=1

> (K + 2k)Fy—y = (n® 4 3)Fog1 + (—2n+ 1)F, — 3,
k=1

> @2k + 1) Fiy = (2n® — 4n + 11)Fypq + (—4n + 6)F, — 11.
k=1

Some articles has mainly inspired us to find a new identity for the series 22:1 P(k)sk—_1,
for example (8] and [1]. Respectively, they find the identities generated by series > ;_; k™ F},
and Y, _; k" Fitr, where (F,),>0 are Fibonacci sequence. Ledin [8] proposes an identity for
series > _, k™F}, with m € Ny. He presents that >_;_; k™ F}, = Pa(m,n)F, 41+ Pi(m,n)F, +
C(m) where Pi(m,n) and Py(m,n) are polynomials in n of degree m, and C(m) is a real
constant depending on m. Besides that, in [1], Brousseau discovers the general formula of
series Y ,_, k™ Fy1, with m,r € N by using a finite difference approach.

We are also motivated by problem 1410 Spring 2024 of Pi Mu Epsilon journal [9] which is
proposed by Kenny B. Davenport. The problem considers Pell sequence (P, ),>¢ where Py = 0,
P =1, Pyyo =2P;y1 + Py, Yk > 0. There are two identities that must be proved:

n n
23 kPiy=nPoi— (n+ )Py 2 K*Pecy=(n?+1)Popy — (0 +20)P, — 1. (1)
k=1 k=1
These identities can be proved easily by induction on n, but the more challenging question
in this problem is "can we conjecture what shape of the identity obtained by the series
ZZ=1 k?P,_q 7. Luckily, we find an interesting identity of the series ZZ=1 k?P,_, for general
d € Ny and it generalizes two identities in (1). This identity is in the following theorem.

Theorem 1.3. Let d € Ny, (P,)n>0 be Pell sequence, and Ag = (ai,j)i}_il be a (d+1)x (d+1)
square matriz defined by:
0 if Q>
am- = 2 ’Lf ) :j
(21 4+2)(I7)) if i<
The matriz Ag is invertible because its determinant is 29T which is non-zero. Therefore there
exists an ordered (d + 1)-tuple (\o(d), A1(d), ..., a(d)) € RI¥*Y which is a unique solution of
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matriz equation

Ag(o(d), M (d), ..., Xg(d)T = <<g> 24, <‘1i> 2d=1 ., (Z) 20>T .

Then the polynomials F(x), G(x), H(x) defined by:

d d d

F(z) =Y XNi(d)a', Ga) = —(z+ D)+ (z+1)'\(d), H(z) =27 =Y (2" + 2)Ai(d)

=0 =0 =0

satisfy the identity

(Vn € N) f: k'Py_1 = F(n)Poi1 + G(n) P, + H(n). 2)
k=1

Example 1.4. Some identities of Y ,_, kP,_1 for lower degrees d are:

- 1 1 1
d=0 = ZPk—l :§Pn+1_§Pn_§a
k=1

n 1 1
d=1 = ];kPk_l = 5P — 5(n +1)P,,

= 1 1 1
d=2 = ZkQPk,l :§(n2+1)Pn+1—§(n2+2n)Pn—§,
k=1

& 1 1 3
d=3 = Y KPh_ = 5(n3 +3n —3)Poy1 — 5(n3 +3n? +1)P, + 3
k=1

- 1 1 1
d=4 = > K'Py= 5(n‘1 +6n? —12n + 13)Pyyq — 5(n4 +4n3 +4n — 6)P, — 13,

2
k=1

Identity (2) can be proved by using induction. It can be generalized to be Theorem 2.5
preceded by Lemma 2.4. As our attempt to generalize (P,)n>0 t0 ($n)n>0, We can generalize
the identity (2) to be identity (5). Identity (5) states that for non-negative integer d, the
following identity holds: ZZ=1 klsp_1 = Fo,a(n)sn41 + Go,a(n)s, + Ho q(n) for all positive
integers n, where Fy 4(x), Goq(z), and Hy q(x) are certain polynomials with real coefficients.
Later, an example of such polynomials Fy 4(x), Go,a(x), Ho,qa(x) is stated in Theorem 2.5. One
example of triple (Fy q(z), G1,4(z), H1a(z)) € R[z]® which satisfies the identity Y, _; k%s,_1 =
Fo,a(n)sn+1+Goa(n)sn+Hoa(n), Vn € N is (F1 q(x), G1,a(x), H1,4(z)) where Fy g(x), G1,q4(x),
and H; 4(z) are polynomials of real coefficients defined in Theorem 2.5. It has shown the
existence of triple (Fo,q(x), Go,a(), Ho,a(x)) € R[z]® which satisfies the identity > _, k%s,_1 =
Fo,a(n)sn+1 + Go,a(n)sp, + Hoq(n) for all n € N. Later, we can extend Y ,_, k%s,_; into the
more general series Y _, P(k)s,_1 where P(x) is arbitrary polynomial in R[z]. In other word,
for every polynomials P(z) € R[x], there exist polynomials with real coefficients Fy(x), G1(x),
H, (z) satisfying the identity >_;_, P(k)si—1 = Fi(n)s,41 + Gi(n)s, + Hi(n) for all positive
integers n.

The triple (Fy(z),Gi(z), Hi(z)) € R[z]® which satisfies the identity Y ._, P(k)sy_1 =
Fi(n)spt1 + Gi1(n)s, + Hi(n), ¥n € N is ensured to be exist, but not always unique. The
non-uniqueness of (Fy(z),G1(z), Hi(x)) can happen, for example, when we set (a, b, cg,c1) =
(1,12,1,4) to (sn)n>0, i-e., (8n)n>0 With recurrence relation s,,+1 = s, + 12s,_1,Vn € N and
initial values so = 1, s1 = 4. Then we also set P(x) = 72z + 18, so the following three identities
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hold for all positive integers n and one can show these by induction.
D (72k +18)sk-1 = spi1 + (240 — 6)sp, + 2,

k=1
n

> (72 +18)sp1 = (61 + 1)1 — 65, + 2,
k=1

> (T2 +18)sp 1 = 3n’s,41 — (12n° — 24n + 2)s,, + 2.
k=1

From these facts, if (s,)n>0 has the constraint (a,b,cp,c1) = (1,12,1,4), then the possible
triples (Fy(z),G1(z), Hi(z)) € R[z]® which satisfy the identity >, _, P(k)sk—1 = Fi(n)sn+1+
G1(n)s,+Hi(n),¥n € Nare (1, 242—6, 2), (6z+1, —6, 2), and (322, —122%2+24x—2, 2). These
things have shown us that for a polynomial P(z) € R[z], the triple (Fy(z),G1(z), Hi(x)) €
R[z]® satisfying the identity > _; P(k)sk—1 = Fi(n)s,+1 + G1(n)s, + Hi(n), Vn € N can
not be guaranteed to be unique. Therefore, we also investigate what types of sequence (s, )n>0

that implies the uniqueness and the non-uniqueness of triple (Fy(x),G1(x),Hi(z)) € Rz)?
satisfying the identity > ;_, P(k)sx—1 = F1(n)sp4+1 + G1(n)s, + Hi(n) for all n € N.

We intend to consider two types of (s, )n>0 which imply the uniqueness and the non-
uniqueness of this triple respectively. These two types of sequence ($p)n>0 are: (i) (sp)n>0
with both of 2¢1 — (a+va? + 4b)cy and 2¢; — (a — Va? + 4b)cy are non-zero, and (ii) (Sn)n>0
with one of 2c; — (a + Va2 +4b)cy or 2c; — (a — va? + 4b)cy equals zero. When both of
2¢1 — (a+ Va2 + 4b)ey and 2¢; — (a — va? + 4b)cy are non-zero, by the help of Theorem 2.9,
we ensure that the such triple (Fy(z), G1(z), Hi(x)) is unique with dependent of P(x). If we
set P(z) = amax™ + am_12™ L+ -+ a1x + ag (where m € Ny and ag,ay,...,a,, € R), we
obtain Fy(z) = Y Lo aafra(z), Gi(z) = > gaiGra(x), Hi(z) = > aqH1 a(z) where
F1q(x), G1,a(x), Hy q4(x) are polynomials which stated in Theorem 2.5. On the other hand,
when one of 2¢; — (a + va? +4b)ey or 2¢; — (a — va? +4b)cy equals zero, so for a single
polynomial P(z) € R[z], there are infinitely many triples (Fy(z), G1(x), Hi(z)) in R[z]® such
that the identity >, _, P(k)sg—1 = F1(n)spt+1 + G1(n)s, + Hi(n), Vn € N holds.

2. SOME IMPORTANT FACTS

For the convenient of writings, let us denote j; and jo as follows.
Definition 2.1. j; =a++Va?2+4b and jo = a — va? + 4b.

We consider again the sequence (sy)n>0, as defined in Definition (1.1), with the recurrence
relation s, 41 = as, + bs,_1, ¥n € N and initial values so = cg, s; = ¢; where (a,b) € N? and
(co,c1) € Z2\{(0,0)}. Then the sequence (s,,)n>0 is explicitly given by the Binet-type formula

- Nﬁ ((201 ~ jaco) (Q)n (261 — jrco) <122>H> . Vn e N (3)

where j1/2 = (a+Va?+4b) /2 and j2/2 = (a— Va?+4b) /2 are roots of quadratic

equation 2 — ar — b = 0. Both of a and b are positive integers, so the discriminant of
2?2 —ax —b = 01is a® + 4b. It is clear that a? + 4b > a® > 0. Therefore, all roots of
2% — ax — b = 0 are real, distinct, and non-zero.

Another property about (s, ),>0 is that there exists N € N so that s,, # 0 for all n > N.
This property is useful to verify that s,y1/s, will converge to a number as n goes to oco. If
there does not exist m € N so that s, = 0, then there exists N =1 so that s, # 0 for all
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n > N = 1. If there exists m € N so that s, = 0, by formula (3), we have
. a\" . 2\ . m . m
(2¢1 = jaco) (2) = (2c1 — jico) <2> = (21 — j2co)ii" = (2¢1 — j1co)j3

. . 1, .- el . -
— (JT—J?)01=§(JT I—ng 1)]1]200

= (7" =33 = 207" = 5" beo.

If ¢g = 0 then (§7* — j5*)c; = 0. Since j; # ja, then ¢4 = 0. It implies (cp,c1) = (0,0), a
contradiction. Therefore ¢y must be non-zero and we get

—c1 _ j{nfl _j;?lfl (4)
2bco =g

n—1

Let £ : N — R be a function defined by £(n) = %, Vn € N. We can observe that &

is strictly increasing and thus the equation (4) must have exactly one solution in m. Then it
implies s, # 0 for all n > m + 1 (in this case, we can take N =m + 1).

Lemma 2.2. There exists N € N so that s, # 0 for alln > N.

Lemma 2.3. 2c¢; — jicg and 2c1 — jacg can not be simultaneously equal to zero.

Proof. Assume the contrary that 2¢; — jico = 2¢1 — jaco = 0. By equation (3), s, = 0 for all

n € Ny, contradicting the Lemma 2.2. Hence, (2¢1 — j1co, 2¢1 — jaco) # (0,0). O
If 2¢; — jicop = 0, then 2¢; — jacy # 0 and s, = ;% (%)n for all n € Ng.
If 2¢1 — jacg = 0, then 2¢y — jicg # 0 and s, = _;Clllf\/%’ (%)n for all n € Ny.

If 2¢1 — jico and 2¢1 — jaco are non-zero: Let us consider the subsequence (s, )n,>n with
Sn #0, Vn > N for some N € N. By setting n going to oo for s,,11/s,, we get

s S ] — jaco)dt ! — (2¢1 — jico)js ™!
n—oo Sy n—oo 2 (261 —jQCo)jf — (261 — jlco)jg‘

. n
1 (2e1 = jaco)jt — (2¢1 — jico)j2 (%)
e (2¢1 — jaco) — (2¢1 — j1co) (%)
1 (201 — jaco)j :
=t L PATROI e | 2] <1
n—oo 2 2c1 — jaco J1

_n
.

Hence the sequence (*2+1),>y converges to ji/2 = (a ++Va? + 4b) /2 for this case.

Lemma 2.4. Let d be a non-negative integer. Then there exist the polynomials Fo 4(x),
Go.a(z), Ho q(x) with real coefficients satisfying

(Vn € N) Z ksp_1 = Fo,a(n)sn+1 + Go.a(n)s, + Ho a(n) (5)
k=1

An example of ordered triple of polynomials (Fy 4(x), Go,q(x), Ho qa(x)) that satisfies the
identity (5) is stated in Theorem 2.5 as follows.
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Theorem 2.5. Suppose that d € Nyg. Let Bg = (bi,j)i}il be a (d+1) x (d+ 1) real square
matriz with

0 if Q>

bij=qa+b—1 if i=j

(2~ +a)(IZ]) if i<j.
Then, we get the following statements.
(i). There exists uniquely an ordered (d+1)-tuple (bo(d),by(d),. .., ba(d)) € R4 satisfying the
matriz equation

Ba (bo(d), br(d), . .., ba(d))T = ((g) 2 (f) g1 @) 20>T (6)

(ii). Let (bo(d),b1(d),...,ba(d)) be the unique solution of (6).
Then the triple of polynomials (Fy 4(z), G1,4(x), H1 4(z)) defined by

d d
Fra(z) =Y _bi(d)a’, Gra(z)=—(x+1)*+ (Z(m + 1)ibi(d)> b,
=0

i=0
d -
and Hy 4(x) = co + 2% — (acy + bey) Z bi(d) — bey Z 2'b;(d)
i=0 i=0

is an example of triple (Fo q4(x), Go.a(x), Ho a(x)) which satisfy the identity (5).

Proof. (i). The determinant of By is (a 4+ b — 1)4T! #£ 0, then the matrix By is invertible
and it implies that the equation (6) has exactly one solution (by(d),b1(d),...,ba(d)) in CI+1.
Furthermore,

(bo(d), by(d), ..., ba(d))" = By " <<g>2d, (‘f) 241 (Z)z(J)T.

T
Since B;l € My41(R) and ((g)?d, (Cll) 2d-1 (2)20) € M(441)x1(R), then
(bo(d),bi(d),...,bg(d)) € R4 and the result follows.

(ii). We show this part by using induction. When n = 1, the LHS of (5) is Z}lg=1 ksp_q =

so = co and the RHS of (5) is F1.q(1)ss + G1.a(1)sy + Hia(1) = (27:0 bi(d)) (acy + beo) +

(=20 + (S0 20il@)) b) e+ co + 2% = (ae + beo) iy bi(d) — ber iy 2bi(d) = co.
In this case, the LHS and RHS of (5) are being same, so (5) satisfies for n = 1.
Assume that the identity (5) satisfies for n = m for some m € N, so

m

Z klsp_q = F1,a(m)sm+41 + G1,a(m)sp, + Hy q(m) (7)
k=1

We have to show that the identity (5) also holds for n = m + 1. Before we show it, we would
like to show that for all € R,
Fl’d({L‘ + 1) : (FLd(ac) — Gl’d(x + 1)) : ((:L‘ + 1)d + Gl’d(l‘)) =1l:a:b (8)
de, Fia(r) —Gra(z+1)=aF 4(x +1) and (z+ 1)? + Gy a(z) = bFy a(z +1).
By definitions of Fi 4(z) and G1 4(z) in Theorem 2.5 part (ii), we have
d

(z4+ 1)+ Gra(z) = (Z(x + 1)ibi(d)) b=0bF 4(x+1) (9)

=0

Observe that the matrix equation (6) is equivalent to

d .
(VE=0,1,2,....d) Y (b-2"F+a) (;) bi(d) = <Z) 297k 4 by.(d) (10)

i=k
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We also observe that the degrees of Fy 4(z) — G1,4(x+ 1) and aF; 4(x+1) are not more than
d. For all k = 0,1,2,...,d; the coefficients of =¥ in polynomials F; 4(x) — G 4(x + 1) and
aFy q4(x + 1) are respectively

br(d) + (Z) 2d=k _ (é 2tk (;) bi(d)> b and (é (;) bi(d)> a (11)

Because of identity (10), two expressions in (11) are equivalent. It implies that
Fl’d(l') — Gl’d((E + 1) = CLFl’d({L‘ + 1) (12)

By (9) and (12), we have shown the condition (8) as desired.

We remember the recurrence relation of (sp)n>0: Sn+1 = asp +bs,—1 for all n € N. The
coefficients of s,11, $p, and s,_1 in this recurrence relation have the ratio 1:a : b which is
same as the ratio in (8). Hence, the following identity holds for all € R and all n € N.

Fra(z+Dsps1 = (Fra(z) — Gra(z+1)) sp + ((m + 1)d + GLd(x)) Sp—1 (13)
Setting x := m, n:=m + 1 to (13) yields
Fia(m+1)smy2 = (Fr,a(m) — Gra(m + 1)) spi1 + ((m + D+ G1,a(m)) sm
and equivalently,
(m+1)%s,, = Fra(m+ 1)spmia + (Gra(m + 1) — Fi g(m)) a1 — G1.a(m)sm, (14)
Summing up the equations (7) and (14) yields
m+1

Z ks = F1g(m+ D)smio + Gra(m + 1)smy1 + Hig(m + 1)
k=1

and hence the identity (5) holds for n = m + 1.
In conclusion, the identity (5) holds for all n € N. O

Example 2.6. Some identities of > ;_, k%s,_1 for lower degrees d are:

?

n
_ Snqi1 (1—a)s, acy + beg + bey
;Sk_l_a—f—b—l a—i—b—l+CO+C1 a+b-1

zn:ks B x n a—2 A (1—a)x+—a2+2a—b—1 .
— AR P (a+b—1)2) " a+b-—1 (a+b—1)2 "

(ac1 + beo)(2a 4+ b — 3) + bea (3a + 20 — 4)

201 —

oot za (a+b—1)2 ’

& K2 x? (2a — 4)x a?—3a+4b—ab+4 5

T T a4 b -1 (atb- 1) (a+b—1)3 o

n (1—a)z® (—2a%+4a—2b—2)x 4a2b+b3+3ab2—11ab—2b2+9b_1 .
a+b-1 (a+b—-1)2 (a+b-1)3 "

~ (ac + beo)(4a® + b2 + 3ab — 11a — 2b+9) + bey(9a? + 4b% + 11ab — 23a — 12b + 16)

(a+b-1)3
+co + 4cy.

We note that, because of Theorem 2.5, it should imply that for a polynomial P(z) €
R[z], there exist three polynomials Fy(z),Gi(z), Hi(z) € R[z] so that >}_, P(k)sk—1 =
Fi(n)sp+1+G1(n)sy, + Hi(n) for all positive integers n. Then, the new problem for us is ”for a
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polynomial P(z) € R[z], can we ensure that the triple of polynomials (F;(z), G1(z), H1(x)) €
R[z]® which satisfies the identity > ,_, P(k)sk—1 = Fi(n)sp+1 + Gi(n)s, + Hi(n),¥n € N
is unique ?”. Therefore, for the next steps, we will investigate what cases that imply the
uniqueness of such triple (Fy(z), G1(x), Hi(z)). Although some cases do not imply the unique-
ness of (Fi(x),Gi(x),Hi(x)), but indeed in those cases, there are infinitely many triples
(Fi(z),G1(z), Hi(z)) € R[z]® which satisfy the identity > ;_, P(k)sg—1 = F1(n)sp41+G1(n)sn+
Hy(n),¥n € N.

Lemma 2.7. If P(z) is a polynomial with real coefficients and  lim P(n) =0, then P(x) is
neN’
zero polynomial.

Proof. If P(x) is not constant, then P(x) = @™ + ayp12™ 1 + -+ + a12 + ag for some
m € Ny and for some ag, a1, ...,a, € R with a,, # 0. Observe that for all z € R*, we have

P(z) = apma™ - (1 + Z z:la k)

The condition  lim  P(n) =0 implies that

n—o00, n€N

— 1 1 Am—k | .. m
0= nlggo |P(n)| = nl_l,r&7 |amn™[ - lim |1+ Z | = nliglo, |amn™|.
neN neN neN m neN
It is impossible because a,, # 0 should imply nl_lglo |amnm| = 00.
neN’

If P(x) is a constant polynomial, let P(z) = ¢, Vo € R. Then 0 = lim P(n) = lim c¢=c,
n—oo, n—o0,
neN neN

so P(x) is zero polynomial.

In conclusion, P(z) must be zero polynomial. O

Lemma 2.8. Let k be a real number with k € R\ [—1,1]. For all polynomials P(z) and Q(z)
with real coefficients where Q(x) is not zero polynomial, we have the limit

P)/Q() _

Proof. Consider an arbitrary m € Ny. For all positive integers n > (11(17\7;%3")!“’ we have
nmtl nmtl npmtl (m + 2)! nm 1
RO . (T ) R T
a=0 al (m+2)!

Since lim 0 = lim * = 0, by Squeeze theorem we obtain lim 2~ = 0, then lim Z- = 0.
n— 00 n—oo N n=o0 |kl n—>oco k
neN neN neN neN

Here we get the fact that for all m € Ny, the following limit holds:

nm
lim =0.
n— 00 kn
neN

Let us consider arbitrarily the polynomials P(x) € R[z] and Q(z) € R[z] \ {0}, so there exists
M € N such that Q(x) # 0 for all real x > M. If P(x) is the zero polynomial, then

lim ( )/Q( ) lim 0=0.

n—oo 7L—>OO
neN neN

If P(x) is not zero polynomial, then

: P(n)/Q(n)  pldeg(P)—deg(Q)[+1
1 =0 and 1 =0
3% pldea(P)—dea@ 1~ © M 0% o
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where deg(...) denotes the degree of a polynomial. Hence,

P P | deg(P)—deg(Q)[+1
i L i e Jim P —00 -0,
neN k neN n & s neN k
This completes the proof. O

Theorem 2.9. Let v (), v2(x), y3(x) be polynomials with real coefficients. Let 2¢1 — jico and
2¢1 — jaco be mon-zero. If y1(n)sp+1 + v2(n)sn + v3(n) = 0 holds for all n € N, then v1(x),
va(x), v3(x) are zero polynomials.

Proof. We know from Lemma 2.2 that there exists a number N € N so that s, # 0 for all
n > N. Dividing both sides of identity ~1(n)s,+1 + Y2(n)s, +v3(n) = 0 by s, over integers
n > N implies

(VYneN, n>N) ’Yl(n)sZH +72(n) +

n Sn

=0 (15)

Later, we also note the identity

(¥neN, n>N) yi(n) (—+ L )  nm)(2e — jico)Va® 1 4b "

Sn 2)  (2c1 = jaco) (41/42)" — (2c1 — jrco)
Observe that j1/j2 < —1 < ja/j41 < 0 and j; /2 > 1. Then, by Lemma 2.8, we get

im 2300 2va> +4b- 73(n)
neRe se e (201 = gaco) — (2e1 — jico) (J2/1)") (51/2)"
~ lim 2v/a? + 4b . lim ~3(n)
220 ((2¢1 — jaco) — (2¢1 = Jico) (J2/71)") m2ge (71/2)"
_2Va?+4b 00
2c1 — Jaco
Summing up the limit n — oo of (15) and (16) and then applying Lemma 2.8 yields
————
n2Re (201 — jaco) (41/d2)" — (2¢1 — jico)

o —(201 — jlco)\/ a2 + 4b lim Y1 (TL)

: it
Jim (%(")2 +72
neN

2¢1 — Jaco i3 (j1/g2)"

Since 1 ()% + v2(z) €
Substituting vo(z) = —%
yields

R[z], by Lemma 2.7, then (x)%1 + y2(z) is a zero polynomial.
v (z), ¥z € R to identity v1(n)snt+1 + Y2(n)s, +v3(n) =0,¥n € N

(Vn €N) 0=m(n)snt1 +72(n)sn +13(n) =n(n) - (Sn+1 - jlsn> +73(n)

2
2¢1 — jico (J2\"
= 240 (F2) () 4 ()
2 2
2¢1 — j1c o\ "
= (VneN) 1#310 (j22> 11(n) +v3(n) =0 (17)
If one of v1(x) or v3(x) is a zero polynomial, by equation (17) it implies that both of v (x) and
v3(x) are zero polynomials. Then 5 is a zero polynomial too, and the theorem is done.
If both of v;1(x) and v3(z) are not zero polynomials, then there exists M; € N such that
v1(z) # 0 and ~y3(z) # 0 for all z > M;. From the identity (17), we have
v3(n) _ —(2c1 —jico) (2"
(Vn € Non 2 M) 71(n) 2 2

(18)
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then
)| 1 g2 ]"

v N,n> M = —|2¢; — = 1

(Vn € Nyn > M) 1) 2\ 1 — Jicol 9 (19)
Let us observe (18) and (19) into 3 possibilities: b—a >1,b—a=1,and b—a < 1.
Case b—a > 1:
Observe that j5/2 < —1. Therefore, by (18) and Lemma 2.8,

—(2¢1 — i
(21 —jico) _ .o 73(7?)/717570 —0
2 nzee (52/2)
then 2¢; — jico = 0, a contradiction.
Case b—a =1:
We now have j3/2 = —1, so the identities (18) and (19) respectively become
v3(n) _ —(2¢1—jico) . n

Vn e N,n > M = -1 20

( ) 2 ~he (20)
and n)

Y3(n 1 .
v N,n> M —|2¢1 — 21
(Vn € N,n = M) 1) 512c1 = jicol (21)

From (21), it indicates that either v3(n) = 3(2¢1 — jico)v1(n) for infinitely many integers n
or y3(n) = —1(2c; — jico)y1(n) for infinitely many integers n.
If v3(n) = 1(2c1—j1co)v1(n) for infinitely many integers n, it implies y3(z) = 1 (2¢1—j1co) 71 (2)
for all x € R. Therefore, we can rewrite (20) by
2c1 —jico  —(2¢1 — jico) n
(=1

> =
(Vn € Nyn > M) 5 5

Setting to (22) when n is even yields that 2c¢; — jicp = 0, a contradiction.
If y3(n) = —5(2c1 —j1co)1(n) for infinitely many integers n, then v3(x) = —1 (21 —j1co) 11 ()
for all x € R. So we can rewrite (20) by

(22)

—(2¢1 — jico) n
—\ef T JI%0) g

—he) oy
Setting to (23) when n is odd yields that 2¢; — jico = 0, a contradiction.

1
(yneN,n> M) - 5(201 — Jjico) = (23)

Case b—a < 1:
We have that 2/js < —1. By identity (18) and Lemma 2.8,
)
2¢1 = Jico nRe (2/52)
2
2c1—j1co

which is impossible since itself is non-zero.

In conclusion, v1 (), y2(x), v3(x) must be zero polynomials. O

Theorem 2.10. Let v1(z), v2(x), vy3(x) be polynomials with real coefficients, 0 € {2¢1 —
J1co,2¢1 — jaco}, and y1(n )Sn+1 + ’Y2(n) +73(n) =0 for alln € N.

(i). If 2¢1 = jico =0, then v2(x) = =+ - ni(x) and 3(x) = 0.

(i1). If 2¢c1 — jaco = 0, then yo(x) = =2 - v1(x) and ~y3(z) = 0.

Proof. (1). If 2¢1 — jicg = 0, then s, = (j1/2)"K; for all n € Ny, where K; = gf}% is a

non-zero real constant. The identity ~1(n)spt1 + v2(n)sn + y3(n) =0, Vn € N becomes

('yl(n)]; + ’yz(n)) <*72>n Ki+73(n) =0, YneN (24)

g
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J1 =1 y3(n)
= 71(”)5 +72(n) = " (jf/Q)n,

Observe that j1/2 > 1. By Lemma 2.8, we have

Vn € N.

: J =1 3(n)
| ) = lim — - =0
e <71 ()5 + 72(”)> nSe 1y (1/2)"
Since v1 ()4 +72(x) € Rlz], by Lemma 2.7, it leads to the result that Z- -y, (z) 4+ y2(z) is zero
polynomial, then v, (z) = _le -y1(x). Also, equation (24) implies v3(z) = 0.

(ii). If 2¢; —jaco = 0, we have s,, = (j2/2)" Ko for all n € N, where Ky = 722#/%’ is a non-zero
real constant. Therefore, we can rewrite the identity v1(n)sp+1 +72(n)s, +v3(n) =0, Vn € N
by

(1002 +72()) (£2) Ko+ 2) = 0, Ve (25)
Let us denote the polynomial ~; (x)%2 + v2(x) by v4(x). The identity (25) is equivalent to
7a(n) <J;> Kz +73(n) =0, YneN (26)

Note that if either v3(x) or y4(z) is zero polynomial, then both of them becomes zero polyno-
mials. Hence v2(z) = =2 - y1(z) and v3(x) =0, done.

If v5(z) and 74(z) are not zero polynomials, then there exists Mz € N in such a way that
v3(z) # 0, va(z) # 0 for all real x > M. So the identity (26) implies the following two
identities:

73(n) g2 \"
Vn € N,n > M. =-K) = 27
(Vn € N,n > Ms) 2 () 2(2) (27)
73(n) gz |"
Vn e N,n > M = |Ks||= 28
(e N> 0| B 16| (28)
We intend to investigate (27) and (28) in 3 cases: b>a+1, b=a+1, b<a+1.
Case b > a + 1: We have j3/2 < —1. Hence by (27) and Lemma 2.8, it leads to the result
Ky =l B0/l o
e (72/2)
it is a contradiction.
Case b=a+ 1: In this case, jo/2 = —1. The identities (27) and (28) can be rewritten as
the following two:
Y3(n) n
Vn € N,n > M =—-Ky (-1 29
( ) B - () (29)
73(n)
(Vn eN,n> Mg) = |K>y (30
tm| 1 !
The identity (30) gives us the fact that either v3(n) = Kyvy4(n) for infinitely many integers n
or y3(n) = —Kav4(n) for infinitely many integers n.

If v3(n) = Kav4(n) for infinitely many integers n, it implies that v3(x) = Kay4(z) for all
real z. Substituting it to (29) and setting when n is even yields that Ks = 0, a contradiction.

If v3(n) = —Ksv4(n) for infinitely many integers n, then ~s(x) = —Ksvy4(x) for all real
2. Substituting it to (29) and setting when n is odd yields that Ky = 0, a contradiction.
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Case b < a + 1: In this case, we have the fact 2/j; < —1. By (27) and Lemma 2.8, we obtain

Sl um/sh)
Ky n (2/52)" ’

but it is impossible. ‘

In conclusion, the result must be v2(z) = =2 -v1(z) and ~y3(x) = 0. O

3. THREE MAIN THEOREMS

This section presents three main theorems of this paper, explaining the identity and properties
of series Y ,_, P(x)sg_1 for a polynomial P(x) in R[z]. These theorems give the main result
about finite series involving a polynomial of real coefficients and certain generalized Fibonacci
sequence.

Theorem 3.1 is a development of Lemma 2.4 and Theorem 2.5, because Lemma 2.4 and
Theorem 2.5 only represent the summation >, _, k?sj,_1 for arbitrary d € Ny, while Theorem
3.1 represents the summation Y ,_, P(k)sy_1 for all general polynomials P(z) € R[z]. For an
arbitrary P(z) € R[z], we can find the existence of polynomials Fi(z),G1(z), Hi(z) € R[z]
satisfying the identity Y ;_; P(k)sx—1 = Fi(n)sy+1 + G1(n)s, + Hi(n), Vn € N.

Theorem 3.1. Let P(z) be a polynomial with real coefficients. Then there exists a triple of
polynomials (Fy(x),G1(x), Hi(x)) with real coefficients so that Y ;_, P(k)sg—1 = F1(n)sp41 +
G1(n)s, + Hi(n), ¥n € N.

Proof. Consider a polynomial P(z) € R[z].

We can state that P(z) = ama™ + am_12™" 1 + -+ + a1x + ag for some m € Ny and
ap,ai,...,a, € R. An example of triple (Fi(z),G1(z), H1(z)) which satisfies the identity
Yopeq P(k)sg—1 = Fi(n)sp41 + G1(n)s, + Hi(n), ¥n € N is

Fi(x) = ZadFLd(x); Gi(z) = Z aqGr,a(z); Hqi(z) = Z aqHq q(x)
d=0 d=0 d=0

where Fy g(x), G1,4(z), H1,q(x) are polynomials as defined in Theorem 2.5 part (ii).
Hence, the result follows. O

Not only that, for a polynomial P(x) € R[z], we also determine how many triples
(Fi(x),G1(z), Hi(z)) € R[z]? satisfying the identity >}, P(k)sk—1 = F1(n)snt1+G1(n)s, +
Hy(n), Vn € N. Here, we get the result that if both of 2¢; — jico and 2¢; — jaco are non-zero,
then the triple (Fyi(x), G1(x), Hi(z)) is unique. If one of 2¢; — jicp or 2¢1 — jaco equals zero,
then there are infinitely many triples (Fi(x), G1(x), Hi(z)).

Theorem 3.2. Let P(x) be a polynomial of real coefficients. If both of 2¢1 — jico and
2c1 — jaco are non-zero, then the triple (Fy(x),G1(z), Hi(z)) € R[x]® satisfying the identity
vy P(k)sk—1 = Fi(n)snt1 + Gi(n)s, + Hi(n), Vn € N is unique.

Proof. Suppose that (Fy(z), Ga(x), Ha(x)) and (F3(z), Gs(x), H3(x)) are the ordered solution
of (Fi(z),G1(z), Hy(z)) which satisfy the identity Y ;_, P(k)sx—1 = Fi(n)sp4+1 + G1(n)s, +
Hi(n), ¥n € N. Then we have

Z P(k)sp—1 = F3(n)sp+1 + G2(n)s, + Ha(n) = F3(n)sp41 + Gs(n)s, + Hz(n), ¥n € N
k=1

then
(F2 — Fg)(n)571+1 + (G2 — Gg)(n)sn + (H2 — Hg)(n) = O, Vn € N.
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Since (Fy — F3)(x), (G2 — G3)(z), (Hy — Hs)(x) are polynomials with real coefficients, by The-
orem 2.9 we get that (Fy — F3)(x), (G2 — G3)(z), (Hy — H3)(x) are identically zero. Therefore
Fy(z), Ga(z), Ha(z) are identically equal to F5(z), Gs(z), Hs(z) respectively.

Hence the triple of polynomials (Fy(x),G1(x), Hi(z)) € R[z]® which satisfies the identity
Sop_y P(k)sp—1 = Fi(n)spt1 + G1(n)s, + Hi(n), ¥Yn € N is unique. O

Theorem 3.3. Let P(x) be a polynomial of real coefficients. If either 2¢; — jico or 2¢1 — jaco
is equal to 0, then there are infinitely many triples (F1(z), G1(x), H1(z)) € R[z]?® satisfying the
identity Y _, P(k)sp—1 = F1(n)sy4+1 + G1(n)s, + Hi(n), Vn € N.

Proof. Define that Q; and Q5 are the sets of all triples (Fy(z), G1(z), H1(z)) € R[z]? satisfying
the identity Y ;_; P(k)sx—1 = Fi(n)sn+1 + G1(n)s, + Hi(n), Vn € N with the constraints
2c1 — jico = 0 and 2¢; — jaco = 0 respectively. Let P(z) = apma™ + apm_12™ L+ + a1z +ag
for some m € Ny and ag,ay,- - ,a,m € R.

If 2¢; — jicop = 0. For all (Fy(x), Ga(x), Ha(z)) and (F5(x), Gs(x), H3(z)) in €1, we have

> P(k)sk—1 = Fa(n)sni1+ Ga(n)sy + Ha(n) = Fs(n)sp1 + Ga(n)s, + Ha(n), Vn €N
k=1

then
(F2 — Fg)(n)8n+1 + (G2 — G3>(’I’L>Sn + (H2 — Hg)(’l’L) =0, VnéeN.
then, by Theorem 2.10,

L (Fy— F5)(z) = (G2 — G3)() and (Hy — H3)(z) =0

= % (Fa+ Go)(x) = L Fy(x) + G3(z) and  Ha(z) = Hs(z).

Ji
2
It is clear that (3, aaFra(z), > adGia(x), Do aqHi a(z)) is an element in Qy, so it
leads to the fact that for all (F(x), G(z), H(z)) in Oy,

ZadFld +ZadG1d and H ZadHld

d=0 d=0

J1

EAN 7

L o)+
Therefore

Ql:{(F(iﬂ)v%' hzadFld +ZadG1d ZadHld F(zx) € Rlz]}

and it is obvious that |21] = oo
It is also similar when 2¢; — jacg = 0. We will directly get

m m

92:{(F($)a_7é' JQZGdFld +ZadG1d ZadHld F(z) € R[z]}.

and then |Qs3] = 0o
Hence, |Q1| = 0o and |Q22| = oo complete the proof. O
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4. SUMMARY

The following are summary of the results in this paper.

First. Let P(x) be a polynomial of real coefficients and (s,,)n>0 be generalized Fibonacci
sequence with sg = cg, s1 = ¢1, and sp41 = as, + bs,—1 for all n € N where (a,b) € N2 and
(co,c1) € Z*\{(0,0)}. Then there exist polynomials Fy(z), G1(z), Hi(z) of real coefficients
satisfying the identity

n

Z P(k)sk—1 = Fi(n)snt1+ Gi(n)s, + Hi(n), ¥Yne€N.
k=1
Since P(z) € R[z], let us suppose that P(x) = @™ + ay_12™ 1+ -+ a1 + ag for some
m € Ny and some ag, ay,...,a, € R. Therefore, an example of triple (Fy(z), G1(z), H1(x)) €
R[z]® satisfying the identity Y ;_, P(k)sp—1 = Fi(n)sp41 + G1(n)s, + Hi(n), Yn € N is

Fi(z) = iadFl,d(x); Gi(z) = iadGlld(x); Hy(z) = iadHl,d(m)
d=0 d=0 d=0

where the polynomials Fi q(x), G1,q4(z), H1,q(x) for each d € Ny are defined by

d d
Fya(z) =Y _bi(d)a’, Gra(z)=—(z+1)"+ (Z(x + 1)ibi(d)> b,
i=0 =0
d d
and Hyg(x) =co+ 2%¢, — (acy + beo) Z bi(d) — bey Z 27D, (d)
i=0 i=0

where (bo(d),b1(d),...,bs(d)) is the unique solution of equation

Ba (bo(d), bi(d), ... ,ba(d))” = ((g) o, (Cj) . (Z) 20>T

where By = (bm)’iijil isa (d+1) x (d+ 1) real square matrix with
0 it Q>
bij={a+b—1 if =
(27 +a)(I7)) if i<

Second. Let P(z) be a polynomial of real coefficients and (s, ),>0 be generalized Fi-
bonacci sequence with sg = cg, 51 = ¢1, and s,,11 = as, +bs,_1 for all n € N where (a,b) € N?
and (co, c1) € Z*\{(0,0)}. The triple (Fy(z),G1(x), H1(x)) € R[z]? satisfying the identity
ZP(k‘)sk_l = Fi(n)snt1 + G1(n)sn, + Hi(n), VYneN.
k=1

in ensured to be exist, but is not guaranteed to be unique. We consider two possible cases of
(Sn)n>0 which imply the uniqueness and the non-uniqueness of such triple (Fy (z), G1(z), H1(z)),
as follows.

CASE 1: For (s,,)n>0 with constraints 2¢; —(a++va? 4 4b)cy # 0 and 2¢1 —(a—va? + 4b)cy # 0,
then the triple (Fi(z),Gi(z), Hi(z)) € R[z]® which satisfies the identity Y ,_, P(k)sg_1 =
Fi(n)sp+1 + Gi(n)s, + Hi(n), Yn € N is unique. Furthermore, if we set P(x) = ap,a™ +
Am_12™ ' + - + a1z + ag for some m € Ny and ag,ai,...,a, € R, the unique triple
(Fi(z),G1(z), Hy(z)) € R[z] which satisfy the identity Y ,_; P(k)sx—1 = F1(n)sp41+G1(n)s,~+
Hi(n), ¥n € N is

Fi(z) = iadFl,d(m); Gi(z) = iadGlld(x); Hy(z) = iadHl,d(x)
d=0 d=0 d=0
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where the polynomials Fy 4(x), G1,q4(z), H1,4(z) for each d € Ny are defined by

d
Fya(z Zb d)z', Gra(zr) = —(z+1)% + (Z(w + 1)ibi(d)> b,
i=0
d

and Hyg(x) =co+ 2%¢, — (acy + bey) Z bi(d) — bey Z 2D, (d)
i=0 ;

where (bo(d),b1(d),...,bs(d)) is the unique solution of equation

Ba (bo(d), by (d), .., ba(d))T = ((g) 2 (‘f)zdl, o (Z) 20>T

where By = (b; ’J)1j11 isa (d+1) x (d+ 1) real square matrix with
0 it Q>
b@ji a+b—1 1f Z:_]
(2~ +a)()7)) if i<j.
CASE 2: For (sy)n>0 with either 2¢; — (@ + va? +4b)cy = 0 or 2¢1 — (a — Va? + 4b)cy = 0,
then there are infinitely many triples (Fy(z),G1(z), Hi(x)) € Rlz]® satisfying the identity
ZZ=1 P(k)sk—1 = Fi(n)spt1 + Gi(n)s, + Hi(n), Yn € N. Suppose that ; and Q are
the sets of all triples (Fy(z), G1(x), Hi(z)) € R[z]* satisfying the identity Y ;_, P(k)sy_1 =
Fi(n)snt1 + Gi(n)s, + Hi(n), Yn € N when 2¢; — (a + va? + 4b)cy = 0 and 2¢; — (a —

Va2 + 4b)cy = 0 respectively. If we set P(z) = apn@™ + apm_12™ 1 + -+ 4+ a12 + ag for some
m € Ng and ag,ay,...,a, € R, then we have

0 =A{(F(2), _7]1 : ]1 ZadFl a(z) + ZadGl a(z ZadHl a(z)) | F(x) € Rz]}
and
92:{(},(%)7—7'2. ]QZadFld +ZadG1d ZadHld F(z) € Rlz]}

where j1 = a4+ va? + 4b, jo = a — va? 4 4b, and the polynomials Fy 4(x), G1 4(z), Hy q4(x) for
each d € Ny are defined by

d
Py Zb 2, Gra(z) = —(x+1)%+ (Z(ﬂc + 1)ibi(d)> b,
i=0
d

and Hiq(x) =co+ 2%¢, — (acy + bey) Z bi(d) — bey Z Zibi(d)
i=0 =

where (bo(d),b1(d),...,bs(d)) is the unique solution of equation

Bq (bo(d), by (d), . .., ba(d))" = ((g) 24, (Cll) 24=1 ., (j) 20>T

where By = (bi,j)?jil isa (d+ 1) x (d+ 1) real square matrix with
0 it Q>
bijz a+b-—1 if ’i:j

(27 +a)(I7)) if i<
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5. CONCLUSION

This research yields the new identity of series >~ _; P(k)s;—_1 where P(z) is a polynomial
in Rlz] and (sp)n>0 is generalized Fibonacci sequence with s9 = cp, s1 = ¢1, and sp41 =
asy,+bs,—1,Yn € N where (a,b) € N? and (cg, ¢1) € Z?\{(0,0)}. For a polynomial P(z) € R[z],
we have the identity > ;_; P(x)sk—1 = Fi(n)sp+1 + Gi(n)s, + Hi(n), Vn € N for some
polynomials Fi(x), Gi(x), Hi(x) in R[z]. Besides that, we also determine how many triple
(Fi(z),G1(z), Hi(z) € R[z]? satisfying the identity > ,_, P(k)sk—1 = Fi(n)snt1+ G1(n)s, +
Hi(n), Vn € N for a polynomial P(z) € R[z]. If neither 2¢; — (a++va? 4 4b)cy nor 2¢1 — (a—
Va? 4+ 4b)ey equals zero, then for a polynomial P(z) € R[z], the triple (Fi(x), G1(x), Hi(x)) €
R[z]® which satisfy the identity > ,_, P(k)sx—1 = Fi(n)sn41 + G1(n)s, + Hi(n), ¥n € N is

unique. If either 2¢; — (a + va? +4b)eg or 2¢; — (a — Va? + 4b)cy equals zero, then for a
polynomial P(z) € R[x], there are infinitely many triples (Fy(z), G1(x), H1(x)) € R[x]® which
satisfy the identity >"}_; P(k)sk—1 = Fi(n)sn4+1 + Gi(n)s, + Hi(n), Vn € N.
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